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PL( ' Introduction. 

'nI" ■ Let L be an ample line bundle on a complex projective manifold M of dimension 

^ . n > 2. The sectional genus g = g{M, L) of a polarized manifold (M, L) is defined 

T— I ! by the formula 2g{M,L) — 2 — [K + (n — 1)Z/)L"~^, where K is the canonical 

^ I bundle of M. For polarized manifolds over C,it is known that g takes non-negative 

^ I integers ([F6; Corollary 1]). 

O ■ In many papers the structure of (M, L) with low g has been studied: see [F6] 

O : for ^ < 1 ; [BeLP] for ^ = n = 2 ; [F7] for ^ = 2 ; [Ma] for ^ = 3 and n = 2. In this 

! paper we study the case g = S and n > 3. Under the additional condition that L 

^ I is spanned, the classification was partially known by [BILL]. Here we study (M, L) 

S I without this hypothesis. 

^ ■ This paper is organized as follows. In §1 we show that (M, L) with g = 3 and 

bJQ. n > 3 is one of the following types. 

bJO' (1) There is an effective divisor on M such that {E, Le) ^ (P'^"\ 0{l)) and 

13: [e]e = o{-i). 

>■ ! (2) There is a fibration ^ : M C over a smooth curve C such that {F, Li?) ~ 

; (P2, C(2)) for every fiber F of ^. 

^ I (3) There is a fibration ^ : M C over a smooth curve C such that every fiber 

F of is a hyper quadric in P"^ and Lp = 0(1). 

(4) (M, L) is a scroll over a smooth surface. 

(5) i^+(n-2)Lisnef. 

(6) (M, L) is a scroll over a smooth curve of genus three. 

In §2 we study the case (4), in §3 we study the case (3), in §4 we study the case (2), 
and in §5 we study the cases (1) and (5). Although our results are far from being 
complete, they are very similar to those in case g = 2. 

The author would like to express his sincere thanks to Professor T. Fujita for 
kind encouragement and for many valuable comments during the preparation of 
this paper. 

Notation. 

Basically we use the customary notation in algebraic geometry as in [H2]. All 
varieties are defined over C and assumed to be complete. Vector bundles are often 
identified with locally free sheaves of their sections, and these words are used inter- 
changeably. Line bundles are identified with linear equivalence classes of Cartier 
divisors, and their tensor products are denoted additively, while we use multiplica- 
tive notation for intersection products in Chow rings. The numerical equivalence 
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of line bundles is denoted =, while we use = for linear equivalence. The linear 
equivalence class is denoted by [ ],and its corresponding invertible sheaf is denoted 

Given a morphism f : X ^ Y and a line bundle A on Y, we denote f*A by 
Ax, or sometimes by A for short when there is no danger of confusion. The canonical 
bundle of a manifold M is denoted by , unlike the customary notation Km- 

The (!?(l)'s of projective spaces Pq.,P/3, . . . will be denoted by Ha, Hp, Given 

a vector bundle E on X,we denote by Px(^) (or P(^)) the associated projective 
space bundle, and denote by H{£) the tautological line bundle on P(£) in the sense 
of [H2]. The pair {^{£),H{£)) is called the scroU of £. 

§1 Classification; first step. 

Throughout this paper a polarized manifold (M, L) is a pair of a nonsingular 
projective variety M over C and an ample line bundle L on M. We consider the 
case with n = dimM > 3 and denote by K the canonical bundle of M. First we 
review known results about polarized manifolds. 

(1.1) Theorem([F6;Theorem 1]). Let (M, L) be a polarized manifold. Then K+nL 

is nef unless (M, L) ^ (P'^, C(l)). 

(1.2) Theorem([F6;Theorem 2]). Let {M,L) be a polarized manifold with n > 2. 
Suppose that K + nL is nef. Then K + in — 1)L is nef unless either 

(a) M is a hyperquadric in P"-+i and L — 0{1), 

(b) (M,L) ~ (P2,0(2)),or 

(c) {M,L) is a scroll over a smooth curve of genus g{M,L). 

We denote by = g{M, L) the sectional genus of (M, L). In the above cases (a) 
and (b),we have g = Thus we obtain 

(1.3) Corollary. For a polarized manifold {M,L) with g = 3 and n > 2, if K + 
(n — 1)L is not nefthen (M, L) is a scroll over a smooth curve of genus three. 

When + (n — 1)L is nef, we use the following theorem. 

(1.4) Theorem([F6;Theorem 3]). Let {M,L) be a polarized manifold with tt. > 3. 
Suppose that K -\- {n — 1)L is nef. Then K -\- {n — 2)L is nef except the following 
cases. 

(a) There is an effective divisor E on M such that {E, Le) — (P""''', 0(1)) 
and [E]e = 0{-l). 

(bO) (M,L) isaDelPezzo manifold (i.e. K+{n-l)L = {)), {¥^,0{2)), (p3,0(3)), 

(P^, 0{2)) ,or a hyperquadric in P^ with L = 0{2). 
(bl) There is a fibration <P : M ^ C over a smooth curve C with one of the 
following properties: 
(bl-V) (F, Lf)^ (P^ 0{2)) for every fiber F of 
(bl-Q) every fiber F of ^ is a hyperquadric in P" and Lp = 0{1). 
(b2) (M, L) is a scroll over a smooth surface. 

In the case of (bO),we have g ^ 3. Thus when g = 3, Theorem (1.4) is rephrased 
as below. 

(1.5) Theorem. For a polarized manifold (M, L) with g = 3 and n >3, if K+ (n — 

1)L is nef, then {M,L) is one of the following types. 

(1) There is an effective divisor E on M such that {E, Le) ^ (P'^'S 0(1)) and 
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(2) There is a fibration $ : M ^ C over a smooth curve such that {F,Lf) ~ 
(P2, 0{2)) for every fiber F of 0. 

(3) There is a fibration $ : M ^ C over a smooth curve such that every fiber 
F of $ is a hyperquadric in and Lp — 

(4) (M, L) is a scroll over a smooth surface. 

(5) K + {n- 2)L is nef 

We study the above cases in the following sections; in §2 we study the case (4), 
in §3 we study the case (3), in §4 we study the case (2), and in §5 we study the cases 
(1) and (5). 

§2 The case of a scroll over a surface. 

In this section we study the case (4) of the theorem (1.5), following the idea in 
[F8;§2]. From the definition of scrolls,we have (M,L) ~ {Fs{S),H{S)) for some 
ample vector bundle £ on a smooth surface S. 

(2.1) Since S is ample,A := det£^ is ample and {S,A) is a polarized surface. A 
simple computation shows g{S, A) — g{M, L) — 3, thus the classification is reduced 
to the classification of polarized surfaces with g = ^. 

(2.2) We first recall the definition of the minimalization of polarized surfaces (For 
details we refer to [F;§14].). Let {S^A) be a polarized surface. For a (— l)-curve 
E on S,\ei n : S S~ be the contraction of E. Then A + mE = 7t*A~ for an 
ample line bundle A~ on S~ and m := AE is called the weight of the contraction 
TT : {S,A) — ^ {S~,A~). TT is said to be admissible if AZ > m for any (— l)-curve 
Z on S. After a finite sequence of admissible contractions: {S,A) = (Sq^Aq) 
(SuAi) ^ ... ^ {Sr:Ar) = iS',A'), we obtain that either {S',A') is a P^- 
bundle over a curve or the canonical bundle K' of S' is nef. {S',A') is called an 
admissible minimalization of {S,A). We stop when S' ~ Ei although there is a 
(— l)-curve on S' . The weight sequence of this admissible minimalization is defined 
to be m := (rrir, ■ ■ ■ , mi), where m-, (l < j < r) is the weight of tTj. m is known 
to be an invariant of (S, A) and is independent of the choice of the minimalization 
process. 

Polarized surfaces with g = 3 are classified in [Ma]. 

(2.3)Theorem(cf. [Ma]). Let {S,A) be a polarized surface. Taking an admissi- 
ble minimalization of{S,A): {S,A) = {So,Ao) {Si,Ai) ■ ■ ■ (Sr^Ar) = 
{S',A'), we denote by m — (mr,...,mi) its weight sequence. We put {S',A') = 
(S, A) when we need not take a minimalization. Assume that g{S, A) = 3 and 
A = dct S for some ample vector bundle £ with rank S >2. Then (S, A) is one of 
the following types. 

(I) K = A and A^ = 2. 

(II) S is a minimal surface of general type, = 1, KA = 2, and A^ = 2. 

(III) S is a minimal elliptic surface and {A^,KA) = (2,2) or (3, 1). 

(IV) K' = 0. A'^, A''^ and m are as follows: 

A? A!"^ m = (m^, . . . ,mi) 

1) 4 

2) 2 6 (2) 

(V) There is a vector bundle T of rank two on an elliptic curve C such 
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We put e = ci(jF) and y — degB. Then A^^e,x,y and m are as 
follows. 







e 


X 


y m = 




1) 


8 


0,1 


2 


2-e 




2) 


6 





3 


1 




3) 


5 


1 


5 


-2 




4) 


4 


0,1 


4 


1 - 2e 


(2) 


5) 


3 


0,1 


6 


1 -3e 


(3) 


6) 


3 


1 


7 


-3 


(2) 


7) 


2 





9 


1 


(4) 


8) 


2 


1 


11 


-5 


(3) 


9) 


2 





5 


1 


(2,2 



Remark. Although T is normalized in [Ma], here we choose J- satisfying ci{J-) = 
or 1 by tensoring some line bundle. 
(VI) (5,A):^(P2,0(4)). 

(VII) 5" ~ X'e := P(C)pi eCpi (e)). We denote by H the tautological bundle 
on Ee and by the pullback of Opi on E^, . Then we have A' = 
xH + yH^, where x and y are integers and E is the exceptional curve 
on Eg. A'^,x,y, r,and m are as follows: 

e X y r m = (m^., . . . , mi) 

1) 16 0,1,2 2 4-e 

2) 4 0,1 4 5-2e 9 (2,..., 2) 

3) 3 0,1 6 7- 2e 9 (3,..., 3) 

(VIII) There is an integer j{0 < j < r) such that {Sj, —Kj) is a Del Pezzo 
surface, where Kj is the canonical bundle of Sj, and Aj = —aKj for 
some integer a. A'^, Kj, a, and (ruj, . . . , mi) are as follows: 

A? Kj a (mj,...,mi) 

1) 8 2 2 

2) 5 1 3 (2) 

3) 3 1 4 (3,2) 

4) 2 2 5 (4,4,4) 

5) 2 2 3 (2,2,2,2) 

6) 2 1 6 (5,3) 



Proof. The assertion easily follows from [Ma] and the next lemma. □ 

(2.4)Lemma. Let {S, A) be a polarized surface and S a vector bundle of rank n — 1 
on S such that {M,L) ^ {¥s{S),H{S)) and det ^ = ^. Then A'^ = L"" + C2{E) > 2 
and AZ > rank £ >2 for any rational curve Z on S. 

For a proof of this lemma,see [F8;(2.2)&(1.3)]. 

From now on,for some types of {S, A) in the above list, we would like to classify 
ample vector bundles S such that det £ = A. 

(2.5) Suppose that {S, A) is of the type (2.3;I). From (2.4) we have = C2{£) = 
1. Since K = A is ample, 5* is a minimal surface of general type. By [Bo;Theorem 

9],Pg = h^{S, K) < 3 and we have the following possibilities: 

„^ 1 „ n 1,1/ c /n \ n u,, , rTD„.rnT,x — >,™„ v a1. 
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b) when Pg = l,q < 1 hy e.g. [Be;Theoreme X.4]; 

c) when pg = 2,q = hy [Bo; Theorem 12]; 

d) when pg = S,q = hy [Bo;Theorem 10]. 

(2.6) Suppose that {S, A) is of the type (2.3;II). From (2.4) we have = 02(8) = 
1. Since ,we have < 2 by [Bo;Theorem 9] and = by [Bo;Lemma 14]. 
Moreover, we can rule out the possibihty that Pg = 2. Assume that Pg — 2. Then 
x(Cs) — 3, where x is the Euler characteristic. From this,we obtain x(A — K) = 2 
by the Riemann-Roch theorem. Since A{A — K) = 0,we have h^{A — K) = 0,thus 
h'^{A- K) > from xiA - K) = 2. This means h^{2K - A) > by Serre duahty. 
Since K{2K — A) = and A{2K — A) = 2, any member of |2iir — yl| is one (— 2)-curve. 
Hence we have h^{2K - ^) < 1. This means h'^{A - K) < l,thus x(^ - K) <l. 
This is a contradiction, hence Pg <1. 

(2.7) Suppose that (5", A) is of the type (2.3;V-1). We treat this case similarly 
as in [F8;(2.4)&(2.5)]. For every fiber F of the bundle map p : Pc(^) ^ C, 
we have F ~ and AF = 2,hence rank ^ = 2 and =^ o[l) ® C(l). Then 
Q :— p*(£®[—i/(.7-')]) is a locally free sheaf of rank two on C and p*^ ~ i7(jF)]. 
Moreover we have M = ¥3(8) ~ S Xc P(^), ci(^) = degS = 2 - e, €2(8) = 2,and 
L3 = 6. 

(2.7.1) When e = O,both and Q are semistable. In fact, for any quotient line 
bundle Q of JF, denote by Z the section of p corresponding to Q. Then ci{Q) > 
since < AZ ^ {2H{J^) + Bs)Z = 2ci(Q) + 2. Thus J" is semistable. If Q is not 
semistable,there exists a quotient line bundle Q of ^ such that 2ci{Q) < ci{Q). 
Then p*Q ® H{T) is a quotient line bundle of 8. Hence p*Q ® H{{F) is ample 
and < c\{p*Q ® H{T)) = 2ci{Q) < ci{Q) = 2. This is a contradiction,thus G is 
semistable. When e = l,the semistability of JF and Q is uncertain. 

(2.7.2) Conversely, let J-' and Q be semistable vector bundles of rank two on C with 
the property that {ci{T) , ci{g)) = (0,2) or (1,1). We put 8 = p*Q ® H{J^),wheTe 
p : Pc(^) — > C is the bundle map. Then 8 is an ample vector bundle on S := Pc(^) 
and a polarized surface {S,detE) satisfies the condition of (2.3;V-1). 

To see this, the ampleness of 8 is the only non-trivial part. Let Fi be any fiber 
of p : Pc(jF) C and F2 any fiber of Pc(^) C. By the semistability criterion 
in [Mi; (3.1)], 2H{T) - eFi and 2H{g) - (2 - e)F2 are nef, where e = ci{J^). 
Since M := ¥3(8) - S Xc P(^) and H{8) = [H{T)]m + [^^(^)]m, for the fiber 
F ■= [Fi]m = [F2]m of the morphism M ^ C, 2H{8) - 2F = [2H{T) - eFi]M + 
[2H{Q) — (2 — e)F2]M is nef on M. Hence H[8) is ample and then 8 is ample. 

(2.8) Suppose that {S,A) is of the type (2.3;V-2). Our argument is similar to 
(2.7). For any fiber F of the bundle map p : Pc(^) ^ C, we have F ~ P^ and 
AF = 3, hence there are only two possibilities: 

a) rank 8 = 3 and 8f = C(l)®^; b) rank £: = 2 and = 0{1) © C(2). 

(2.8.1) In the case (2.8;a), Q :— p^{8 ® [—H{J^)]) is a locally free sheaf of rank 
three on C. Moreover we have 

8c^p*g(g) H{T),M = ¥s{8) c^Sxc P(J^), ci{g) = 1, 02(8) = 2,L^ = 4, 
T is semistable and g is stable. 

Conversely,let T and g be semistable vector bundles on C with the property that 
rank T = 2,ci{T) = 0, rank g = 3,ci(^) = 1. We put S = Pc(^) and 8 = 

n TJlnr\ rpi „ i • — i r„„„ to c\ — i-;„c — „ — o.\t o^ 
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(2.8.2) In the case (2.8;b),^ := p^{8 ® [-2H{r)]) is an invertible sheaf on C. 
Using a natural map p*Q £ ® [—2H{T)], we obtain an exact sequence — > 
p*g ® [2H{T)] ^ £ ^ Q ^ for some Une bundle Q on S. Since det£ = 
2H{J-') + p*Q + Q, we have Q = H{J-') + p*T for some line bundle T on C with 
deg^ + degT =1. Q is ample since it is a quotient bundle of £, hence we have 
degT>0. On the other hand C2(^) = ci{p*g + 2H{J^)ci{H{J^) + p*T) =l + degr, 
thus we have degT < 5 from (2.4). Hence there are only the following possibilities: 

a) degT = 1, deg^ = 0, C2{£) = 2, and = 4; 

b) degr = 2, deg^ = -1, 02(8) = 3, and = 3; 

c) degT = 3, deg^? = -2, C2{£) = 4, and = 2; 

d) degT = 4, deg^ = -3, 02(8) = 5, and = 1. 



(2.9) Suppose that {S,A) is of the type (2.3;VI). Our results are similar to 
[BILL; (1.4. 2)]. Since Al = A for any line / on P^,we have rank £ < A. 

(2.9.1) When rank £ = 4, we can prove that £ ~ 0(1)®^ by similar argument as 
in [V];see [OSS;Chapter 1,(3.2.1)] for a proof. 

(2.9.2) When rank £ = S,£ is a uniform vector bundle on P^,thus the result [E] 
applies. In particular,we have £ ~ 0(1)®^ © 0{2) or Tp2 ® (!?(l),where is the 
tangent bundle of . 

(2.9.3) When rank £ = 2 and £ is a Fano bundle (i.e. the anti- canonical bundle 
—K^(^^ of ¥(£) is ample) ,the theorem in [SW] applies and £ is one of the following 
types. 

a) £: ~ 0(1) e o{3) or o{2) e 0(2). 

b) There is an exact sequence — > 0{2) — > £^ — > Xt;(2) ^ 0, where is the 
ideal sheaf of one point x G P^. 

c) £ is stable with C2{£) = 6, £{-l) is spanned,and ^ 0(-l)®2 ^ C)©4 ^ 
£{—l) — > is exact. 

d) £ is stable with C2{£) = 7, £{-l) is spanned,and 0{-2) O®^ 
£{—l) — > is exact. 

Even in the case that £ is not a Fano bundle, we can apply the argument in [SW] . 
As a result, £^ is of the type b) above if £ is not stable; 7 < C2{£) < 15 if is stable. 

(2.10) Suppose that {S,A) is of the type (2.3;VII-1). Since AF ^ 2 for every 
fiber F of p : ^ P^ we have rank £ = 2 and £f = 0{1) C(l). Then 
Q := p^{£ (8) [—H]) is a locally free sheaf of rank two on P-^ and p*g ~ £^ ® [—H]. 
Let Z be the section of p corresponding to a natural surjection O^i ©0pi (e) O^i. 
Then Hz = Oz and [p*Q]z — £z- Hence Q is ample and we obtain 

a) £^[H + H^] ®[H + 3H^] or [H + 2H^]®^ when e = 0; 

b) £c^ [H + H^] ® [H + 2H^] when e = 1; 

c) £c^ [H + if^]®2 when e = 2. 

In these cases, C2(£^) = 4 and = 12. 

§3 The case of a hyperquadric fibration over a curve. 

In this section we study the case (3) of the theorem (1.5), following the idea in 
[F7;§3]. 

(3.1) Since h^{F,LF) = n + 1 for every fiber F oi £ := ^^Om[L] is a locally 

t 1 C 1. „ I 1 ] „ i- 1 ™ ^* C . r ; ; — iTi,; ;„1J„ 
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a C-morphism p : M — > Pc(^) and for every point x on C the restriction of p 
to := ^-\x) is an embedding of into P"^. Hence p itself is an embedding 
and M is a member of \2H{S) + -Bp(£)| for some line bundle B on C. We put 
d = L'^,e = ci{£),b = degB and denote by g{C) the genus of C. After simple 
computation, we get d — 2e + b,2g{C) + e + b — 4, and s := 2e + {n + 1)6 > 0. 
Furthermore in the last inequality, equality holds if and only if every fiber of p is 
smooth. From these results,we have {n + l)d+ s + Ang{C) = 8n, hence g{C) = 
or 1. 

(3.2) We first study the case g{C) = 1. In this case,C is an elliptic curve and we 
have e — d — 2 and b — 4 — d from the equality above. Hence we obtain d < 6 since 
s > and n > 3. 

(3.3) We study the ampleness of £. If £ is ample, then det£ is ample and e = 
ci{£) > 0. It follows that d > 2, hence £ is not ample when d < 2. On the 
other hand,£^ is ample when d > 5 by the argument in [F7;(3.13)]. In general, for 
any indecomposable vector bundle JF on an elliptic curve, .7-" is ample if and only 
if ci(J^) > (for a proof,see e.g. [HI]). Thus when d = 3 or 4,£^ is ample if it is 
indecomposable. 

(3.4) When d = 3 or 4, we can find an example of (M, L) by the argument in 
[F7;(3.12)]. We can also find an example of (M, L) with c? = 6 as follows. Let C 
be a smooth elliptic curve and take a line bundle C on C with deg£ = 1. We put 
£ = >C®^,then £ is ample, ci{£) = 4,Pc(^) ^ C x P^, and H{£) = + Cp^s), 
where is the puUback of 0{1) on P^. Putting B = -2£,we have degB = -2 
and 2H{£) + Bf>(^£-) = 2Ha. Then a general member M of \2H{£)-\-Bf>(^£^ \ is smooth 
and, putting L = [H{£)]m, {M, L) becomes an expected example with d = 6. 

(3.5) From now on, we study the case g{C) — 0. In this case,C ~ P| and we have 
e = — 4 and b = 8 — d from the equality in (3.1). Hence we obtain d < 12 since 
s > and n > 3. Furthermore when d = 11 or 12,we have n = 3 and when d = 12, 
we have s = and # is a P^ x P^-bundle over Pj by [F7;(3.3)]. 

(3.6) We put P = ¥c{£),H = H{£) and = 7r*Cc(l), where tt is the bundle 
map Pc(^) C. Since £ is decomposable, we can describe £ ~ O(eo)©- ■ ■©C(e^), 
where eo, . . . , G Z, eo < • • • < en,and Yl^=o = e. O(eo) ©■ ■ ■®0{en) is denoted 
by O{eo, . . . , e^) for simplicity. We shall classify £ ~ O{eo, . . . , e^) for each case 
cZ= 1,2,...,12. 

(3.7)Lemma. 2(en-i + e^) < d when eo < 0. 

Proof, (cf. [F7;(3.24)]). A natural surjection £ — > O(eo, . . . , e^-i) gives a prime 
divisor Di P(C(eo, . . . , Cn-i)) on P. Similarly £ ^ C(eo, . . . , Cn— 2,6^) gives a 
prime divisor D2 := P(0(eo, • . • , en-2, Cn)) on P and £ C(eo, . . . , e„_2) gives 
a subvariety := P(0(eo, . • • , en-2)) on P. We have Di e \H - enH^\,D2 G 
|i7 — Cn-iH^l, and = Di fl L>2 as schemes. When cq < 0,we have W M 
since i^vK is not ample. Hence dim(M nW) = n-2 and < L"-^{M n W^} = 
H^-\2H + bH^){H - enH^){H - Cn-iH^) = d- 2(e„_i + e„). □ 



(3.8) Suppose that d = 1. We have e = -3,b = 7,and Me |2/f + 7H^\. By 
(3.7),£: ~ 0(-3, 0, . . . , 0), (9(-2, -1, 0, . . . , 0), or 0(-l, -1, -1, 0, . . . , 0). 

(3.8.1) When £ ~ (!?( — 1, — 1, — 1, 0, . . . , 0),we have n < 4 by the argument in 
[F7;(3.21)]. Indeed,we have 




(Co : Ci) X ((^0 : ai : 0-2 : fT30 : (^31 : • • • : (^no ■ (Tni) G Pj x P^^ ^ 
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,H = — and M e \2Hcr + 5ifg|. Thus we can describe 

M = {qo{<T)^l + qi{(T)^Ui + ■■■ + Q5{<^)^! = in P} 

,where qo, ■ ■ ■ ,q5 are homogeneous polynomials of degree two in ctq, cti, . . . , cr^i. In 
this defining equation of M,we put 

O'O = «00^0 + tt01?l5 0"! = ttlO^O + ttllfl, Cr2 = ^20^0 + Ct21^1, 
•^SO = 0.3^0, C3I = CtsCl) • ■ • ; CTnO = O^^O, C^nl = C^nCl 

,where aooj cioi, ■ ■ ■ ,cin are constants. Then we obtain an equation 

Qo{a)eo + + • • • + Qria)^! = 

, where Qo, • • • , are homogeneous polynomials of degree two in (a) = (aoo, c^oi, • • ■ j cin)- 
If n > 5, then Qo{a) = ■ ■ ■ = Qria) = has a non-trivial solution. We fix such a 
solution (a) and define a rational map a : P| — > p2n-2 |-^y 

«(^o : Ci) := (aoo^o + aoiCi : oioCo + aiiCi : «2oCo + 0216 : 
: 03^0 : 0,3^1 ■ ■ ■ flnCo : OnCi)- 

If a is not a morphism,then aoo : «io '■ 020 = ^^oi '■ ciii '■ 0-21 and 03 = • • • = = 0. 
Since (a) is non-trivial, the equations 

(To : (Ti : (72 = aoo : ^lo : a2o = ooi : : 021, cr3o = (Tzi = • • • = (Jno = Cni = 

determine a point z on p2'"-2. Let Z be the fiber of a projection Pj xp2n-2 _^ p2n-2 
over Then we have Z C M by the definition of Z, hence < LZ = HZ = 
{Her — H^)Z = —1. This is a contradiction,thus a is a morphism. Let F be 
the graph of a. Then F C M by the definition of a, hence < LF = HF = 
(iifo- — H^)F. However, since H^F — H^F — 1, this is also a contradiction. Hence 
we have proved that n < 4,thus £ ~ C»(-l, -1, -1, 0) or -1, -1, 0, 0). If 

E ~ C»(-l,-l,-l,0),then P ~ {(^0 : 6) x (ag : cxi : ^2 : CT30 : ^31) G Pj x Fi\Co : 
^1 — (^30 '■ <^3i}- Thus the projection : P — > P^ is the blowing-up of P^ with 
center W := {(T30 = (T31 = in P^} ~ P^. Since the exceptional divisor £■ of is a 
member of \Hf^ — H^\, we have M G \7Hcr — 5E\. Hence M is the strict transform of 
a hypersurface of degree seven in P^, which has singularities with multiplicity five 
along W. 

(3.8.2) When £ ~ 0(-2, -1,0,..., 0),we claim that n < 4. The following argu- 
ment is similar to (3. 8.1). We have 

p ~ / (^0 • ^1) ^ ('^0 : crio : an : (T20 : 0-21 : ^"22 : • • • : (JnO ■ <7ni ■ crn2) G Pj x ^1^-^ 1 

I ICo : il = CTlO : CTll = <720 : Cr21 = 0-21 : (T22 = • • • = C^nO : CTnl = CTnl ^ crn2 J 

,iy = if,-2if^ and M e |2if,+3iy^|. Thus M = {qQ{(j)^l+qi{(T)^Ui+q2{(j)^Q^l+ 
q3{^)^i = in P} ,where qo, ■ • ■ ■,q3 are quadric polynomials in (cr).We put 

(^0 — «00^0 + f^Ol^O^l + ^02^1, 0-10 = ^o(«10^0 + CTll = ?i(aio^o + «ll^l), 
_ „<^2_ „ t t — „r"2 _ „<^2_ „(^2 
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Then from the defining equation of M above,we obtain an equation 

Qo(a)eo' + Qi{a)^ki + ■■■ + Qria)^! = 

,where Qq, . . . ,Q7 are quadric polynomials in (a) = (aooj cioi, ■ ■ • , o,n)- If ?^ > 5,then 
Qo{a) = • • • = Q7{a) = has a non-trivial solution (a). We fix it and define a 
rational map a : P| ^ p3n-i |-,y 

a(Co : Ci) ■= (aooCo + aoi^o^i + aQ2^l ■ Co(aio6 + aii^i) : ^i(aioCo + an^i) : 02^0 

If a is not a morphism,then 02 = • • • = = and for some (cq : ci) G P|,we have 

oioCo + oiiCi = and aooCo + ooiCqCi + ao2C? = 0. In the case aio = an = 0,let 
Z be the fiber of Pj x P^""^ P^'^-i over ^ := (1 : : • • • : 0). Then we have 
Z C M,hence < LZ = HZ = {Ha - 2H^)Z = -2. This is a contradiction,thus 
aio 7^ or an ^ 0. 

In this case,aoo^o + «oiCoCi + ao2^f is devided by aioCo + anCi in C[^o,Ci]; we 
denote by 60^0 + ^iCi its quotient. We put 

Z = {ao = boaio + han, (720 = • • • = <7n2 = in P}. 

Then dimZ = 1 and Z C M by the definition of Z, hence < LZ = HZ = 
{H^ — 2H^)Z. However, since H^Z — 1 and H^Z — l,this is a contradiction too. 
Thus q; is a morphism. 

Let r be the graph of a. We have T C M and then < LF = HT = {H^ - 
2H^)r. However, since H^r = 2 and H^F — l,this is also a contradiction. Hence 
wc have proved that n < 4,thus £ ~ C(-2, -1, 0, 0) or C»(-2, -1, 0, 0, 0). 

(3.8.3) When S ~ 0(— 3, 0, . . . , 0), we claim that n < 4 as before. P is isomorphic 

to 

f {Co ■■ Ci) X ((^0 : CTio ■ cm : CJ12 : CJ13 : ■ ■ ■ : dno : CTni ■ crn2 ■ (Jns) G Pj X P^*" 

1 Ifo : ^1 = O'lO : f^ll = f^ll : <7l2 = Cri2 '■ (^13 = • • • = anO (Jnl = "^nl : 0'n2 = 0'n2 : CTnS 

,H ^ Ha - 3H^ and M G |2if^ + H^\- Thus M = {go((T)^o + qi{cr)Ci = in P}, 
where go and qi are quadric polynomials in (cr).We put 

C^O = OooCo + ^OlCoCl + 0^02^0^! + O^OsCl) 

(T'lO = ai^oi^ii = aiCoCi) cri2 = ai^o^ijCTis = ai^f, . . . , 

C''nO = ^^n^O' CTnl = dnCo^l, Cn2 = a^^o^ij CTnS = O'nCi- 

Then from the defining equation of M above, we obtain an equation 

Qo(a)eo + Qi{a)CoCi + ■■■ + Qria)^! = 

, where Qo, ...,(57 are quadric polynomials in (a) = (aoo, aoi, . . . , a^). If n > 5, then 
Qo{a) = ■ ■ • = (57(a) = has a non-trivial solution (a). We fix it and define a 
rational map a : P| ^ P^"' by 

«(Co : Ci) — (aoo^o + aoi^o6 + ao2?of? + aos^f ■ oi^q • aiCoCi : «i4o4i : ai^f 

. „ r-a . „ ^2^ . „ ^ ^2 . „ ,-3\ 
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If a is not a morphism,then ai = • • • = = 0. Let Z be the fiber of P| x P^" — > P^" 
over ^ := (1 : : • • • : 0). We have Z C M and then ^ < LZ = HZ = {H^ - 
3H^)Z ~ —3. This is a contradiction, hence a is a morphism. Let F he the graph 
of a. We have T C M and then < LF = HT = {H„ - 3H^)r. However,since 
HfjF = 3 and H^F — l,this is also a contradiction. Hence we have proved that 
n < 4,thus £ ~ 0{-3, 0, 0, 0) or 0{-3, 0, 0, 0, 0). 

(3.9) Now we study the case d=2. We have e = -2, & = 6,and M e \2H + 6H^\. 
By (3.7),£: ~ 0(-2, 0, . . . , 0) or -1, 0, . . . , 0). 

(3.9.1) When ^ ^ C(-l, -1, 0, . . . , 0), we have n < 4 as in (3.8.1). Hence 
S ~ C>(-1, -1,0,0) or C(-1,-1,0,0,0). 

(3.9.2) When S ~ C(-2, 0, . . . , 0),we have n < 4 as in (3.8.2). Hence £ ~ 
0{-2, 0, 0, 0) or 0{-2, 0, 0, 0, 0). 

(3.10) Suppose that d = 3. Then e = -l,b = 5,and M e \2H + 5H^\. 
From (3.7),we have S ~ C>(-2, 0, . . . , 0, 1), £ ~ C>(-1, -1, 0, . . . , 0, 1), or £ ~ 
C»(-1,0,...,0). 

(3.10.1) When £ ~ 0(-l, 0, . . . , 0), we have n < 4 as in (3.8.1). Hence £ ~ 
0(-l, 0,0,0) or O(-l,0,0,0,0). 

(3.10.2) When £ ~ C(— 1, — 1, 0, . . . , 0, 1), we have tt. < 4 by the argument in 
[F7;(3.23.2)] which is similar to (3.8.1). Hence £ ~ C(-l, -1, 0, 1) or C(-l, -1, 0, 0, 1). 

(3.10.3) When £ ~ C(-2, 0, . . . , 0, 1), we have n < 4 as in (3.8.2) and (3.10.2). 
Hence £ ~ 0{-2, 0, 0, 1) or 0{-2, 0, 0, 0, 1). 

The next lemma is useful for d > 4. 

(3.11)Lemma. When d > 4,-1 does not appear twice in {cq, . . . , 6^}. 
We can prove this lemma by the argument in [F7;(3.18)]. 

(3.12) Now we study the case d = 4. We have e = 0, 6 = 4,and M e \2H + 4i7^|. 
By (3.7) and (3.11), £ ~ 0{-l, 0, . . . , 0, 1) or O{0, . . . , 0). 

(3.12.1) When £ ~ C>(-1, 0, . . . , 0, 1), we have n < 4 as in (3.10.2). Hence 
£ ~ 0(-l, 0,0,1) or C(-1,0,0,0,1). 

(3.12.2) When £ ~ C(0, ...,0), by the argument in [F7;(3.23.1)],we have n < 
4, P ~ P| X P^,Bs|I/| = 0, and the morphism (/p : M — >• P^ defined by \L\ is a finite 
morphism of degree four. Conversely, any general member M of \2Hcr + 4:H^\ on P 
does not contain any fiber of the projection P — > P", thus L := Hm is ample and 
(M, L) is a polarized manifold of the above type. 

The next lemma is useful for d > 5. 

(3.13) Lemma. cq > —1 when d> 5. 

We can prove this lemma by the argument in [F7;(3.19)]. 
Similarly we obtain the following two lemmas. 

(3.14) Lemma. cq > when d>7. 

(3.15) Lemma. eo > 1 when d> 9. 

(3.16) Now we study the case d = 5. We have e = l,b = 3, and M G \2H + 3H^\. 
By (3.11) and (3.13),£ ~ 0(-l, 0, . . . , 0, 2), 0(-l, 0, . . . , 0, 1, l),or 0(0, . . . , 0, 1). 

(3.16.1) When £ ~ 0{-l, 0, . . . , 0, 2), we have n < 3 as in (3.10.2), hence £ ~ 
O(-l,0,0,2). Furthermore Bs|L| is one point as in [F7;(3.23.2)]. 

(3.16.2) When £ ~ 0(— 1, 0, . . . , 0, 1, 1), we have n < 4 and Bs|L| is one point as 
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(3.16.3) When £ ~ 0(0, . . . , 0, 1), by the argument in [F7;(3.24)], we have n < 4 
and |L| makes M the normahzation of a hypersurface of degree five in P'^+-^, which 
has triple points along a in P"^+''^. 

(3.17) Suppose that d = 6. We have e = 2,6 = 2,and M e \2H + 2H^\. By 
(3.7),(3.11),and (3.13),^ ~ C(-l, 0, . . . , 0, 1, 1, 1), C»(0, . . . , 0, 1, l),or C(0, . . . , 0, 2). 

(3.17.1) When S ~ 0{—l, 0, . . . , 0, 1, 1, 1), we show that n — 3 similarly as in 
(3.7). Natural surjections £ — > O{eo, . . . , e„_i), S — > O{eo, . . . , e„_2, e„),and S — > 
C(eo,..., 

en-3,en-i,en) give prime divisors Di := P(0(eo, • • . , en-i)), D2 := P(C(eo, . • . , en-2,e 
and Ds :— P(C(eo, . . . , Cn-s, Cn-i, £„)) respectively. A natural surjection £ — > 
O{eo,..., 

Cn-s) gives a subvariety W := (C(eo, . . . , e^-s)) of P = ¥{£). We have Di e 
\H - CnH^l, D2 e\H - en-iH^\, Ds & \H - e^_2i?g|, and W = Di n D2 n D3 as 
schemes. Since H^r is not ample, we have W ^ M, hence dim(M fl W) = n — 3 and 
< L^'-^iM nW} ^ H''-^{2H + 2H^){H - H^f = 2e - 4 = if n < 4. This 
is a contradiction, thus we have n = 3 and £ ~ C(— 1,1,1,1). By the argument 
in [F7;(3.26)],M is a double covering of P| x P^ and its branch locus is a smooth 
member of |4i?'^ + 2iifo-|. We have also L = [H^ + Ha-]M- 

(3.17.2) When £ ~ 0(0, . . . , 0, 1, 1), we have n < 4 as in (3.16.3), hence £ ~ 
O(0,0,l,l)orC(0,0,0,l,l). We show the existence of (M,L). When^ ~ C(0,0,1,1),\ 
have P ~ {(^0 : 6) x ((Tq : ai : (J20 : 0-21 : (T30 : (T31) G Pj x P^|^o : 6 = (^20 ■ 
C21 = oso : 0-31} and H = H^. Let M be a general member of \2Ha + 2H^\ and 
put L = [H^]m- Then Bs|L| = and the restriction of the projection P — > P^ to 

M is the morphism defined by |L|. li (p : M ^ ^{M) is not finite, M contains 
a fiber Z of the projection P — P^ over one point z on the line / := {(T20 = C21 = 
C30 = C31 = in P^} Using homogeneous polynomials <7o, fZijctnd q2 of degree two 
in (o'),we can describe that M = {qo{cr)$,Q + qi{cr)$,o£,i + 52 (c)^? = in P}. Then 
Z C M if and only if qo{z) = qi{z) — 172 (^) = 0. Thus if we choose qo,qi,an.d 
q2 generally to satisfy that / fl {qoicr) — qi{a) — 52 (c) = in P^} = then Lp 
becomes finite and L is ample. Similarly we can find examples of (M, L) such that 
£ ~ C(0,0,0,1,1). 

(3.17.3) When £ ~ 0(0, . . . , 0, 2), we have n < 3 as in (3.16.3),hence £ ~ 
0(0, 0, 0, 2). We can show the existence of (M, L) similarly as above. 

When d > 7,the situation is much simpler. 

(3.18)Lemma. Bs\L\ ~ (j) and L is very ample when d > 7. 

We can prove this lemma similarly as in [F7;(3.31)]. This lemma tells us that 
our results overlap [I;Theorem 4.3], but our method is different from his. 

(3.19) Now we study the case d = 7. We have e = 3, & = l,and Me \2H + H^\. 
Furthermore cq > by (3.14) and 62 > 1 by the argument in [F7;(3.25)]. Hence 
£ ~ 0(0, 0, 1, 2), 0(0, 1, 1, l),or 0(0, 0, 1, 1, 1). In each case,(M, L) exists similarly 
as in (3.17.2). By the morphism defined by |iv|,M is isomorphic to a manifold of 
degree seven in P"'+3. 

(3.20) Suppose that d = 8. We have e = 4,6 = 0,and M e \2H\. Fur- 
thermore Co > by (3.14) and ei > 1 by the argument in [F7;(3.26)]. Hence 
£ ~ 0(0, 1, 1, 2), 0(0, 1, 1, 1, l),or 0(1, 1, 1, 1). 

(3.20.1) When £ ~ 0(1, 1, 1, l),we have P ~ Pj x P^ , if = if^ + H^, and M E 

lou I nzj \ xj .„ ^/^ : ™ — j-i, j;,,; — , o^ — td ^/^ 
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be a general member of \2H^ + 2H^\ and put L — [H^ + H„]m- Since £ is ample, L 
is ample and (M, L) is a polarized manifold of the above type. 

(3.20.2) When S ~ C»(0, 1, 1, 1, 1), by the argument in [F7;(3.26)], M is a double 
covering of x and its branch locus is a smooth member of \'2.H^ + 2H^\. We 
have also L — [H^ + H^]m- 

(3.20.3) Even when £ ~ 0(0, 1, 1,2), by the argument in [F7;(3.26)], we have a 
morphism /i : M ^ P| x and L = h*{H^ + H^). Since L is ample,/i : M h{M) 
is finite and h{M) G \aiH^ + a2Hcr \ for some non-negative integers ai and a2. Then 
8 = L3 = (deg/i)-[i/^ + i?^] 

ft.(M) ~ (deg/i)(ai + 3a2). From the construction of h, 
we get deg h — 2 and ai = a2 = 1. Hence h{M) e + H^l and M ^ /i(M) is a 
double covering. 

(3.21) Suppose that d = 9. We have e = 5, 6 = -l,and Me \2H - H^\. Since 
eo > 1 by (3.15), £ ~ 0(1, 1, 1, 2) or 0(1, 1, 1, 1, 1). 

(3.21.1) When £ ~ 0(1, 1, 1, 1, l),similarly as in [F7;(3.27)], the restriction of 
the projection P ~ P^ x P^ P^ to M is a blowing-up of P^ and its center is a 
complete intersection of two hyperquadrics in P^. 

(3.21.2) When £ ~ 0(1, 1, 1, 2),we have P ~ {(^o : 6) x (ctq : ai : a2 : (X30 : 
C31) e P| X P^lCo : Ci = "^30 : 0-31}, hence P is the blowing-up of P^ with center 
{(730 = CTsi = in P^}. The exceptional divisor E is {(T30 = 0-31 = in P} e 
\Ha—H^\, thus M e \3Hcr—E\ and M is the strict transform of a smooth hypercubic 
in P^. 

(3.22) Suppose that d = 10. We have e = 6, 6 = -2,and Me \2H - 2H^\. Since 
eo>lby (3.15), £~ (9(1,1,1,3), (9(1,1,2,2), 0(1,1,1, 1,2), or (9(1,1,1,1,1,1). 

(3.22.1) When £ ~ 0{1, 1, 1, 1, 1, l),we have P ~ P| x P^, if = if^ + ff^, M e 
|2iyo-|,and L = [H^ + H^]m- Hence M ~ P| x Q, where Q is a smooth hyperquadric 
in P^. 

(3.22.2) When £ ^ (9(1, 1, 1, l,2),by the argument in [F7;(3.28)], we have M is 
the blowing-up of a hyperquadric in P^ and its center is a smooth quadric surface. 

(3.22.3) When £ ~ C(l, 1, 2, 2),we have P ~ {(^o : 6) X ((Jo : CTi : (T20 : C21 : 
■■ (T31) e P| X FllCo : Ci = (^20 : (^21 = (730 : (^31}, H = H^ + H^,M e |2fr^|,and 

L = [H^ + Hfj]M- Since £ is ample, if is ample and then L is ample for any general 
member M of \2Hfj\. Because of (3.18),M is embedded in P^ as a manifold of 
degree nine by the morphism defined by \L\. On the other hand, the restriction of 
the projection /Li : P — > P^ to M is the morphism defined by \L — H^\, and M 
is birationally mapped onto )u(M). We have 10 = = 3[H^]M[Ha]j^f + [Ha]M 
and [H^]M[Ha-]\f = 2 since M — > P^ is a hyperquadric fibration. Thus the degree 
of /u(M) is four. Furthermore, since ;U.(P) = {0-20^31 — = in P^} and 

M e \2H^\, /x(M) is a complete intersection of two hyperquadrics in P^. Even 
when £ ~ (9(1, 1, 1, 3), we have the same result as above. 

(3.23) Suppose that d = 11. We have e = 7,& = -3,and Me \2H - 3H^\. 
Since eo > 1 by (3.15),and since n = 3 by (3.5), £ ~ 0(1, 1, 1, 4), 0(1, 1, 2, 3) or 
(9(1,2,2,2). 

(3.23.1) When £ ~ (9(1, 1, 1, 4), we claim that {M,L) does not exist. Assume 
that (M, L) exists. A natural surjection £ — (9(1, 1, 1) gives a prime divisor W := 
P((9(l, 1, 1)) on P. Since ~ P| x P^ , Hw = + H^,and W <^ M, we have 
[M]w = M nW e \2Hw - 3iy^| = \2H^ - H^\. This is a contradiction,thus we 
have proved the claim. 

f<} 00 o^ T71 1 c ^. Ai/i 1 o o^ „ „i /i\/r ^^ j j- — ;„j- 
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We have P ~ {(^o : Ci) x {(^o ■ ■ (^20 ■ (^21 ■ (^30 ■ (^31 : (^32) G x P^|^o : 6 = 
C20 '• CF21 = C30 : CTsi = C31 : C32} and H = + H^. Assume that there exists 
a smooth member M of — H^\. Then there is an exact sequence of normal 
bundles 

^ ^fB/M Mb/p Wm/p]b 

,where B := Bs|2i7o- - = {a2o = ^21 = cr^o = 0-31 = 0-32 = in P} ~ 
P((9(l, 1)). Since B is the complete intersection of Di := {(720 = o"2i = in P} ~ 
P(0(l,l,3)) and D2 := {(730 = (T31 = CT32 = in P} ~ P(0(l,l,2)) ,we have 
Xb/p ^ [J^Di/p]b®[Xd2/p]b ^ [H^-H^]B®[Ha-2H^]B. Also we have A/W/p ^ 
[2i7^ -H^]b- Then the morphism : [iJ^ - H^]b [-ffa - 2i^^e]s ^ [2i?.T - i^ds 
corresponding to Mb/p [■^m/p\b is given by some (fi G H'^{B ,[H(j\b) and 
(/?2 G H^{B^ [Hfj + i/gjs). Since [i^o-lsi-f^cr + H^]b = 1, V^i and Lp2 have a common 
zero point, at which is not surjective. This yields a contradiction and (M, L) does 
not exist. 

(3.23.3) When S ~ 2, 2, 2),we can show the existence of (M,L). We have 
P - {(Co : Cl) X (o-o : o-io : o-ii : (^20 : (^21 : (T30 ■ (^31) G Pj x P^I^q : Ci = (^10 : 
c^ii = 0-20 : 0-21 = 0-30 : (731 } and H = + H^. Putting Ui = {Ci 7^ in P} 

and Vj — {aj 7^ in P}, we take a rational section si := {{Ui fl Vj, ■ 

of 2H^ - H^. Note that h^{P,2H - 3H^) = h^{Fl,S'^{S) [-3//^) = 15-' Let 
fl, ■ ■ ■ , fib be rational functions on P such that 
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Then C(/i, . . . , /15), the vector space spanned by /i, . . . , /15 over C, is isomorphic 
to H^{P, 2H^ ~ H^) by mapping each fi to fi ■ si. Thus we can describe 

\2H, -H^\ = { div(/ • st)\f G C(/i, . . . , /15) - 0} 

, where div(/-si) is an effective divisor defined by a regular section f-si of 2Hcr — H^. 

c;„„^ T3„lo TJ Ti A r_ _ _ n;„Dl^, ml r/'i . n . . nM 
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if we take / = Yllti Cifi ^ . . . , /15) with (ci, C2, C3) ^ (0, 0, 0), div(/ • si) is 
nonsingular along Bs|2ifo- — ^^^|- Thus any general member M of \2Hcr — H(\ is 
smooth by Bertini's theorem. For such Af ,L := Hm is ample since £ is ample, hence 
(M, L) is a polarized manifold as desired. Furthermore, similarly as in (3.16.3), 
\L — H^\ makes M a desingularization of a variety of degree five in P^. 

(3.24) Suppose that d = 12. We have e = 8, & = -4,and M e\2H- AH^\. Since 
eo > 1 by (3.15),and since n = 3 by (3.5), 8 ~ 0(1, 1, 1, 5), (9(1, 1, 2, 4), 0(1, 1, 3, 3), 0(1, 2, 2, 3),or 
0(2,2,2,2). 

(3.24.1) When^ ~ C(2, 2, 2, 2),we have P ~ Pj x ^ if = H^ + 2H^,M e \2H^\, 
and L = [H^^ + H^]m- Hence M ~ P^ x Q, where Q is a smooth quadric surface in 
P^. Since Q ~ Pj^ x P^, we have M ~ Pj x Pj^ x P]^ and L = 2H^ + H^ + Hx- 

(3.24.2) When f ~ C»(l, 1, 1, 5),(M, L) does not exist by the argument in (3.23.1). 

(3.24.3) Even when S ~ 0(1,1,2,4), we can show that {M,L) does not exist 
similarly as in (3.23.2). 

(3.24.4) When £ ^ (9(1, 2, 2, 3), we can show the existence of {M,L) similarly 
as in (3.23.3). In fact, we have P ~ {(^0 : fi) x {o'o : (Jio : fn : (720 : 0-21 : 0-30 : 
<73i : 0-32) e P| X P^l^o : = (^10 ■ (^11 = 0-20 ■ o"2i = CTso : 0-31 = 0-31 : 0-32}, 
H = + H^,and hP{P, 2H - AH^) = /iO(P|, S^{£) ® [-4if^]) = 11. We take a 

rational section S2 := {{Ui fl V^-, ■ %)}ij of 2H(^ — 2H^, where Ui and Vj are the 
same as in (3.23.3). Let /i, . . . , fii be rational functions on P such that 



fl = 


a 


O"0C^30 

<r2 ' 
so 


/2 = 




C2 ' 
SO 


h = 


^0^ 


C10C20 
so 


,h = 




0"lO(73o 
SO 


h = 


a 


c^iocsi 

t2 ' 
SO 


/6 = 


a 


C2 ' 
SO 




a 


C20C3O 
SO 




a 


C20C''31 
^0^ 


h = 


a 


f^io 

e2 ' 
so 


/lO = 




C30<^31 
^0^ 


5 /ll = 




<730C32 
^0^ 









Then H^{P,2H^ - 2H^) ~ C(/i, . . . , /n) and Bs|2iy^ - 2H(\ = x {(1 : : 

■■■ : 0)}. For any / = X^J^i Cj/j with ci ^ 0, div(/ ■ S2) is nonsingular along 
'Qs\2H^ — 2if^|, thus any general member M of \2H„ — 2H^\ is smooth. Putting 
L — Hm,^g obtain a polarized manifold {M,L) as desired. In this case,|L — H^\ 
makes M a desingularization of a variety of degree six in P'^. 

(3.24.5) Even when £ ~ 0(1, 1, 3, 3), we can show the existence of (M, L) sim- 
ilarly. We have P ~ {(Co : Ci) x (c^o : : (^20 ■ (^21 ■ (^22 ■ : 0-31 : 
cr32) e P| X P^lCo : Ci = (^20 ■ 0-21 = a2i : (T22 = cr^o ■ 0-31 = 0-31 ■ 0-32} and 
H%P, 2H, - 2H^) ~ C(/i, . . . , /13) ,where 



/l = 




Cocr2o 
t2 ' 

so 


/2 = 




COCTSO 
t2 ' 
SO 


/3 = 


Co^ 

^0^ 


(Tl(T20 
t2 ' 
SO 


/4 = 


il 
<yi 


<yi<y3o 

t2 ' 

so 






^^20 


/6 = 




C'20C''21 




eo^ 


<^21 


/8 = 


il 


O'20C30 




t2 ' 
SO 




/:2 ' 
SO 




t2 ' 

SO 






/9 = 


a 
-I 


C"20<^31 
SO 


; /lO = 


a 


C^2lCr31 
t2 ' 
SO 




a 


^30 
t2 ' 
SO 


/l2 = 


a 


C30C3I 
SO 
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Since Bs\2H^ - 2H^\ = {a2o = 0-21 = • • • = <J32 = in P}, if we take / = Y^i^i Cifi 
with C1C4 — C2C3 7^ 0, div(/ • S2) is nonsingular along Bs\2Ha^ — 2H^\. Thus any- 
general member M of \2Hcr — 2H^\ is smooth. Putting L = Hm,^Q obtain a 
polarized manifold (M, L) as desired, and \L — makes M a desingularization of 
a variety of degree six in P^. 

Summarizing the results in §3,we obtain the following. 

(3.25)Theorem. Let {M,L) be a polarized manifold of the type (1.5.3). Then 
g{C),the genus of C ,is or 1, £ := ^^Om[L] is a locally free sheaf on C, M & 
\2H{S) + -Bp(£:)| for some line bundle B on C,and L = [H{S)]m- Putting d = 

L"^, e = ci{S),and b — degB, we have the following results. 
When g{C) = l,we have 1 < d < 6, e — d — 2,b — 4 — d,and 

(i) if d = 1 or 2, then S is not ample; 

(ii) if d — 3 or 4, then £ is ample as long as it is indecomposable; 

(iii) if d = 5 or 6, then S is ample. 

When g{C) = 0,we have C ~ Pj, 1 < d < 12, e = d - 4, & = 8 - d, M e 
\2H{£) + hH(\, and their lists are in the table below. 
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d 


£ 


(M,L) 


1 


C(-3, 0,0,0) 
C(-3,0,0,0,0) 
(!)(-2, -1,0,0) 
O(-2,-l,0,0,0) 
C»(-l, -1,-1,0) 
(!7(-l, -1,-1, 0,0) 


The existence is uncertain. 

„ 

" 
" 
" 


2 


(^(-2, 0,0,0) 
O(-2,0,0,0,0) 
C»(-l, -1,0,0) 
O(-l,-l,0,0,0) 


" 
" 
" 
" 


3 


(!)(-2, 0,0,1) 
O(-2,0,0,0,l) 

0(-l, -1,0,1) 
O(-l,-l,0,0,l) 

e)(-i, 0,0,0) 

C»(-1,0,0,0,0) 


" 
" 
" 
" 


4 


(!)(-l, 0,0,1) 
(!7(-l,0,0,0,l) 


" 
" 




C(0, 0,0,0) 


1 L 1 makes M a quadruple covering of . 




0(0,0,0,0,0) 


\L\ makes M a quadruple covering of P^. 


5 


(!7(-l,0,0,2) 


Bs|L| is a point. 




O(-l,0,l,l) 


// 




C?(-1,0,0, 1, 1) 


// 




u^u, U, U, ij 


\L\ makes iVf the normalization of a hypersurfcicG of degree five in P^. 




0(0,0,0,0,1) 


\L\ makes M the normalization of a hypersurface of degree five in P^. 


a 
D 


/O/' 1 1 1 1 

J-i J-i J-i J-J 


ivi IS a QOUDie covering oi ir^ a ir^ wixn uiaiicn locuo ueing 
a smooth divisor of bidegree (4,2). L = [H^ + Ha-]M- 




0(0,0, 1, 1) 


Exist. 




U(0, 0, 0, 1, 1) 


// 




0(0,0,0,2) 


// 


7 


0(0,0,1,2) 


// 




0(0,1,1,1) 


// 




0(0,0,1,1,1) 


// 


8 


0(0,1,1,1,1) 


M is a double covering of P| X with branch locus being 

a smooth divisor of bidegree (2,2). L = [H^ + Ha]M- 




0(0,1,1,2) 


M is a double covering of a divisor of bidegree (1,1) 
onPi XP3. L = [H^ + H„]m. 




0(1,1,1,1) 


M is a smooth divisor of bidegree (2,2) on P^ x P^ . L= [H^ + Ha]M- 


9 


0(1,1,1,1,1) 


M is the blowing-up of P^ with center being a complete 
intersection of two hyperquadrics. L = [H^ + Ha-]M- 




0(1,1,1,2) 


M is the strict transform of a smooth hyperqubic in P^ by the 
blowing-up of P^ with center being a P^. L = [H^ + Ha]M- 


10 


0(1,1,1,1,1,1) 


M ~ P| X Q, where Q is a smooth hyperquadric in P^. L = [H^ + Hcr]M- 




0(1,1,1,1,2) 


M is the blowing-up of a hyperquadric in with center 
beine a smooth auadric surface. L — \Hc -\- HrA n/r . 
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d 


£ 


(M,L) 


10 


0(1,1,2,2) 

0(1,1,1,3) 


M is a desingularization of a complete intersection of 
two hyperquadrics in P^. L — [H^ + Ha-jM- 
// 


11 


0(1,2,2,2) 


\L — H^\ makes M a desingularization of a three- 
dimensional variety of degree five in P^. 


12 


0(1,1,3,3) 

0(1,2,2,3) 
0(2,2,2,2) 


\L — makes M a desingularization of a three- 
dimensional variety of degree six in P^. 

// 

M ~ pi X Pi X Pi and L = 2H^ + H^ + Hx- 



§4 The case of a Veronese flbration over a curve. 

In this section we study the case (2) of the theorem (1.5), using the argument 
in [F;(IL13.10)]. 

(4.1) Put H = K + 2L,then E := ^^Om[H] is a locaUy free sheaf of rank three 
on C and (M, H) is the scroU of £. We have L = 2H + ^*B for some B e Pic(C). 
Similarly as before, we put d — L^,e = ci{£),b = degB and denote by g{C) the 
genus of C. Then e > 0, e + b = l,and d = 8e + 12b. By the canonical bundle 
formula,we obtain that K'^ + detS + 2B ^ 0,hence 2g{C) - 2 + e + 2b ^0. From 
these results, (e,c/) = (0,12) or (2,4). 

(4.2) When {e,d) = (0,12),we have 6 = 1 and g{C) = 0, hence C ~ P^ 5 = 
C»(l),and £ ~ 0{ei) © 0{e2) © 0(63) for 61,63,63 G Z. For each 1 < i < 3,a 
natural surjection S 0{ei) gives a section Zi of ^ and = 0{ei). Since 
ei + 62 + 63 = 6 = and = 0{2ei + 1) is ample, we have ei = 62 = 63 = 
and £ ~ C»^^, thus M x^l oxid L = + 2H^. We note that this (M, L) is 
already obtained in (2.9.3). 

(4.3) When {e,d) = (2, 4), we have b = —1 and g{C) = 1. Hence C is an elliptic 
curve and det£^ + 2B = since K'-" = Oc- Let Q be any quotient bundle of £. If 
rank Q = l,then Z := Fc{Q) is a section of <P and HZ = Ci{Q). Then ci{Q) > 1 
since < LZ ^ 2ci(Q) - 1. If rank Q = 2,then D := Pc(Q) e \H - ^*J^\, 
where is the kernel of £ ^ Q. Since < L^D = 4(1 — ci(^)),we have ci(Q) = 
6 — ci{J^) > 2. In both cases we have (rank Q) ■ ci{£) < (rank £) ■ ci{Q), hence 
£ is stable. Conversely, let £^ be a semistable vector bundle on C with rank £ = 3 
and ci{£) = 2. We put M = Wc{£), H = H{£) and let ^ : M ^ C be the bundle 
map. By the semistability criterion in [Mi;(3.1)], 3H — (?*(det£) is nef Since C 
is an elliptic curve,we can find some B e Pic(C) satisfying det £ + 2B = 0. Then 
3{2H + <P*B) = 2{3H + <^*{2B)) - $*B is ample. Hence L:=2H + ^*B is ample 
and {M,L) is a polarized manifold of the type (1.5.2). 

(4.4) Summing up, we obtain the following theorem. 

Theorem. Let (M, L) be a polarized manifold of the type (1.5.2). We put d = 

and denote by g{C) the genus of C. Then (M, L) is one of the following two types. 

(I) g(C) = 0,hence C ~ Pj; d = 12, M ~ Pj x P^ , and L = + 2H^. 
(II) g{C) = 1 and M ^ ^c{£), where £ := <^^Om[K + 2L\ is a stable vector 
bundle of rank three on C with ci{£) — 2; d — 4 and L — 2H{£) + B, 
where B e Pic{C) with det £: + 25 = 0. 



§5 Remaining cases. 

T„ j-l,; — J-,, J,, „ ] ^'c;^ „f j-l ™ I -\ c:^ 
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(5.1) We first study the case (1.5.5). This case is a kind of "general type" and we 
mainly study (M, L) of small Z\-genus. Since L is ample,0 < {K+{n — 2)L)L'^~^ = 
2g — 2 — = 4 — d, where d = L^. Hence we have 1 < d < 4. For any polarized 
manifold,zA = implies ^ = ([Fl;(1.9)] and [F2;(4.1)]). Thus here we have A>1. 
The case o? = 1 is difficult and yet to be studied. 

(5.2) Suppose that d = 2. When A = 1,|L| makes M a double covering of P" 
with branch locus being a smooth hypersurface of degree eight ([F3;(2.5)]). When 
A = 2,Bs|L| is a finite set ([Fl;(1.9)] and [F5;(1.17)]). When A > 3,we do not have 
any satisfactory result. 

(5.3) Suppose that d = 3. Then we have Z\ ^ 1 by [Fl;(1.9)] and [F2;(4.1)]. 
When A = 2,dim Bs|L| < ([Fl;(1.9)] and [F5;(1.14.5)]). UA = 2 and Bs|L| = 
0,|L| makes M a triple covering of P"'. U A = 2 and Bs|iv| ^ (f), we have the 
following results in [F9] . 

a) Bs|L| consists of one simple point p. 

b) Let TT : Mi — M be the blowing-up at p and let E be the exceptional divisor 
over p. Then Bs|7r*L — E\ — (j). 

c) |7r*L — E\ gives a morphism p : Mi — > P"' of degree two. Every fiber X of p 
with dimX > is an irreducible curve such that EX = 1. 

d) p{E) is a hyperplane in P"'. 

When A > 3, we do not have any satisfactory result. 

(5.4) Suppose that d = 4. Then we have {K + {n-2)L)L''-'^ = 0. Since K + {n- 
2)L is nef,by the base point free theorem (cf. [KMM]) and [F5; Appendix], there is a 
fibration f : M ^ V and an ample line bundle AonV such that K+{n—2)L = f*A. 
Thus we have K + {n - 2)L = since (/M)L"-i = 0. Then A{M, L) = 2 by 
[F4;(l.ll)], hence dim Bs|L| < 1 by [Fl;(1.9)]. When dim Bs|L| = l,n < 4 by 
[F5;(1.17)], and we have the following results by [F5;(1.14)&(2.4)]. 

a) Y := Bs|L| is a smooth rational curve. 

b) Let 71 : M' — > M be the blowing-up of Y and let E be the exceptional 
divisor over Y. Then Bs|7r*L — E\ = (p. 

c) Let W be the image of the morphism M' P^+i defined by |7r*L-£;|.Then 
dimW = n-l,degW = 3 and A{W, Ow{l)) = 0. 

d) E is a section of the morphism p : M' — > W . 

e) p is fiat and every fiber of p is an irreducible curve of arithmetic genus one. 

f) M' is a double covering of a P^-bundle V := F{Oe © [-2-^]^) over Ec^W. 
The image of £^ by the morphism P : M' — > y is the unique member of 

\Hi^ — [—2E]v\, where is the tautological bundle on V. The branch locus 
B oi (3 IS B* + S, where B* is a smooth member of \3H(^\ with B* (1 S = (p. 

When dim Bs|L| < 0,we have Bs|L| = by [F2;(4.1)]. Let p be the morphism M — >■ 
pn-i-i fiefined by \L\. We put W — p{M) and w — deg VF,then 4 — L"^ — w ■ deg p. 
Hence {deg p,w) — (1,4) or (2,2). In the former case,p is birational and moreover 
M ~ by [F;(10.8.1)]. In the latter case,p is a double covering of a hyperquadric 
W. Furthermore W turns out to be smooth, and the branch locus of p is a smooth 
hypersurface section and is connected ([F;(10.8.2)]). 

(5.5) Finally we study the case (1) of the theorem (1.5). We use the theory of 
minimal reduction in [F7;(1.9)] and [F;(ll.ll)]. Clearly M is the blowing-up of 
another manifold Mi at one point and E is the exceptional divisor with LE — 1. 
Moreover there is an ample line bundle Li on Mi such that L + E is the puUback 

„f T T„ .1, „ „ / i\/r ^^ ;„ „ „;™„i„ ui„ „ „f i\/r r ^ id,. 
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above theory, we obtain a sequence of simple blow-ups 

(M,L) ^ (Mi,Li) ^ > {Mr,Lr) = {M',L') 

with the following properties: 

a) K + {n — l)L = [K' + (n — 1)L']m for the canonical bundle K' of M', hence 
K' + {n- l)L' is nef and g{M' , L') = g{M, L) = 3; 

b) = {L'Y - r; 

c) {M',L') is not of the type (1.5.1) i.e. {M',L') is minimal. 

If (M', L') is of the type (1.5.3) or (1.5.4), then we can derive a contradiction as in 
[F7;(1.9)]. Thus (M', L') is of the type (1.5.2) or (1.5.5). 

(5.6) When (M',L') is of the type (1.5.2), we can apply the argument in §4. 
If M' ~ P| X and L' = + 2H^, then we can find a curve Z on M' with 
L'Z = 1. This is a contradiction by [F7;(1.9)], thus (M',L') is of the type (4.4.II). 
Since 4 = {L')^ = + r,the number of points at which M' is blown up is less than 
four. 

(5.7) When (M',L') is of the type (1.5.5), < (K' + {n - 2)L')(L')"-^ = 
4 - (L')'^ since K' + {n - 2)L' is nef. Then we have 2 < + r = (L')" < 4,hence 
(L", r, (LT) = (1, 1, 2), (1, 2, 3), (1, 3, 4), (2, 2, 4),or (3,1,4). 
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